We present a prototype model that resolves the cosmological constant problem using matter alone, i.e., without modifying gravity. Its generic cosmological solutions adjust an arbitrarily large, negative dark energy to a positive value parametrically suppressed by an initial field velocity. Inflationary initial conditions lead to a positive dark energy exponentially smaller in magnitude than any model parameter, or any scale in the initial conditions.
Introduction. The observed [1, 2] value of the dark energy density is problematic for two reasons. First, known contributions to the vacuum energy density are so large in magnitude that the implied delicate cancellations between them appear highly improbable (cosmological constant problem [3] [4] [5] ). Second, even if such a cancellation could be orchestrated via a sufficiently rich landscape of solutions, cosmological initial conditions are exceedingly unlikely to correctly navigate this landscape (coincidence problem [6, 7] ). In brief, the cosmological constant problem is about the particle physics of empty space, and the coincidence problem is about the dynamics of an expanding universe containing a dynamical dark energy, meaning dark energy with a non-trivial discrete or continuous configuration space.
The cosmological constant problem is best described in the language of effective field theory, where every energy scale µ in particle physics contributes a term of order ±µ 4 to the vacuum energy density. The electroweak scale contributes a term nearly 60 orders of magnitude larger than the observed value, which implies there must be a tremendously lucky cancellation occurring without a mechanism. Most troubling, new physics at higher energy scales makes the tuning problem worse [5] .
A direct attempt at a solution involves "relaxing" a large positive cosmological constant dynamically [8] [9] [10] [11] . Unfortunately, this program has only succeeded at producing flat space by sending Newton's constant to zero. Famously, flat space is not an equilibrium solution to any natural scalar field theory coupled to gravity [3] . Partial relaxation mechanisms [12, 13] do not predict a small cosmological constant. More generally, a seemingly necessary feature of any model solving the cosmological constant problem is a tremendously dense landscape of values the dark energy density can take [14] [15] [16] [17] [18] [19] . Then the problem becomes how initial conditions can be expected to produce the special values [7, [20] [21] [22] .
Assuming the vacuum energy could be approximately canceled by some other dynamical energy density, e.g. Abbot's linear washboard potential [14] , cosmological initial conditions would have to be exceedingly fine-tuned in order for standard big-bang cosmology to successfully hide the effects of dark energy until the universe was extremely large by early-universe standards. This is because the energy density in particles dilutes much more rapidly than dark energy during cosmological expansion. Generic initial conditions lead to dark energy domination far too soon, after an expansion factor of only a few. If negative, dark energy would lead to a collapsing universe. If positive, it leads to accelerated expansion of the universe.
The most developed solution to the coincidence problem is based on the anthropic principle [23] , meaning the apparent fine-tunings in the initial conditions of the visible universe are the result of an environmental (selection) effect: Observers might only exist in the vanishingly small subset of configuration space where dark energy is small. This approach [24, 25] was buoyed by the confirmation of its apparent prediction of a non-zero dark energy [1, 2] . Producing at least one habitable region within a primarily hostile theory could be accomplished via eternal inflation [26, 27] , although predictivity itself must first be resuscitated by addressing the measure problem [28, 29] .
If one finds the anthropic principle premature or the measure problem too formidable, then standard cosmology, i.e., the null energy condition (NEC), must be abandoned [19, 30, 31] . Otherwise, there is no natural way around the coincidence problem, due to the following argument. The only probe of vacuum energy is its gravitational effect, and so dynamical adjustment should take place whenever dark energy has become a significant fraction of the total energy density, causing strong accelerated expansion. Hence, soon after premature acceleration begins, the dark energy density needs to decrease [32] . However the adjustment mechanism must no longer work today, since the observed dark energy density does not appear to be decreasing. Thus the unnaturally small value of today's dark energy must be a model parameter used to shut off the mechanism [19] .
In this Letter, we show with a specific model how both the cosmological constant and coincidence problems can be solved without introducing small parameters. having a continuum landscape [33] , just like unimodular gravity [15] [16] [17] . The model solves the coincidence problem as well, evading the difficulty mentioned in the previous paragraph by adjusting an initially large but negative dark energy via a nonstandard temporarily-bouncing cosmology [30] . This provides a natural shut-off for the adjustment mechanism, namely dark energy becoming positive [31] . Finally, the model does not need fine-tuned parameters or initial conditions because the hierarchy between initial conditions and today's dark energy density is set by an initial field velocity, which is naturally set to an exponentially small value via cosmological inflation.
The model. Our self-tuning model (introduced in Ref. [33] as a solution to the problem of time) consists of Einstein gravity minimally coupled to two scalar fields, Λ and χ via
We work in reduced Planck units, where 8πG = 1. The equations of motion are
where the NEC violating [34] stress tensor component is
Note that any constant Λ is a solution. Because any renormalization of the vacuum energy can just be absorbed into a field redefinition Λ → Λ + const., there is no cosmological constant problem. (We do not assume Λ is initially small.) Note that there is a ghost instability [35] [36] [37] due to the wrong-sign [38] canonical kinetic term for the one of the two scalar linear combinations φ − = (Λ − χ)/ √ 2. Classically, this is harmless, and it can be shown that on an arbitrary initial Cauchy surface, if both φ − andφ − are chosen to be spatially constant, their solution remains spatially constant in geodesic slicing for arbitrary geometry. Hence, restricting to such initial conditions guarantees classical stability. However, quantum fluctuations of φ − about any classical solution must be canceled in order for the theory to be viable. This is accomplished with the addition of Becchi-Rouet-Stora-Tyutin (BRST) ghosts, as proposed in Ref. [39] and developed in Ref. [40] , although we suppress the anti-commuting fields here. Alternative possible cures for the ghost instability include a Lagrangian with higher powers of the kinetic term [41] , or higher derivative kinetic terms [42] [43] [44] [45] , which we leave for future work.
Restricting to homogeneous isotropic cosmologies, the metric is described by the FLRW ansatz
Overdots denote derivatives with respect to cosmic time t. The scalar equations of motion can be integrated once to yieldΛ
where p is an arbitrary integration constant, and
is proportional to the four-volume of the universe at time t, plus an integration constant. If we choose S mat. to describe a perfect fluid with equation of state w = −1 − ∂ log ρmat ∂ log a 3 , the constraint equation is
where H =ȧ/a and ρ 0 mat is the matter density when a = 1. The second-order Friedmann equation is
from which it can be deduced that there are two interacting fluids associated with the scalar fields. Their energy densities are pV a −6 with equation of state w pV = 1, and Λ with equation of state w Λ = −1. We will refer to the former as the pV fluid. Note that the effective equation of state of the pV fluid is less than one during expansion and larger than one during contraction due to the increasing four volume V (t).
Cosmological evolution. We will initially focus on the cases where matter is dust (w = 0) or radiation (w = 1/3), and k = 0. The interesting cosmological solutions are those whose initial conditions have Λ negative but with a positive time derivative. In this case, both the pV fluid and the Λ fluid have negative energy, while ordinary matter ρ mat has positive energy. After sufficient expansion, Λ will eventually dominate, leading to turnaround and a contracting phase. Since the pV fluid has a stiff equation of state and negative energy density, it ends the contracting phase with a smooth bounce. Hence, the universe temporarily resembles a cyclic model [46] . Since Λ is increasing with time, each subsequent turnaround occurs at larger and larger scale factor, leading to a significant increase in four volume V , and as a consequence, in the magnitude of the pV fluid. This in turn causes the bounce to occur at larger and larger scale factor, slowing the increase in Λ, as seen in Eq. (7). The process repeats with Λ ever more slowly approaching zero until the final bounce that sends it positive. Because the scale factor then grows rapidly, Λ quickly approaches its asymptotic value, which we call Λ f . The two 1 important initial conditions are the initial field velocityΛ i and the initial hierarchy between Λ and the pV fluid energy density. The former determines how small today's dark energy Λ f will be, and the latter determines the initial amplitude of oscillation in the scale factor.
Let us define the frequency
which is equal to the scale factor oscillation frequency when its amplitude is large. Then the final value of dark energy is given by
At this point, we have parametric control over the initialto-final dark energy hierarchy in terms of the initial field velocityΛ i . We plot a numerical example in Fig. 1 . Solutions and dynamics. When the scale factor oscillates with a large amplitude, we can safely neglect one of the three fluids at any given time. This lets us write down approximations for the increase in Λ, V , and t per cycle as
1 In our convention there is no large initial hierarchy between ρmat. and Λ.
From the above equations it is clear that Λ increases in smaller steps as V gets large, and that V increases in larger steps as −Λ gets small. There is a non-oscillating exact solution for pressureless matter (w = 0) and zero spatial curvature given by
This lets us verify that Eq. (12) is exact to lowest order in Λ f /Λ i . Large amplitude oscillations only modify it by a factor of order unity. Another exact solution exists for ρ mat = 0 and negative spatial curvature. (Or equivalently, for matter with w = −1/3.) In this case, Λ → 0 as t → ∞:
There is a big bang singularity at t = 0, where all three fluids have divergent energy density. The energy density in the pV component is always half the energy density in the Λ component, and the spatial curvature "energy density" is related to the Λ energy density by a constant factor,
Note that this (unrealistic) scale invariant cosmology has neither a flatness problem nor a cosmological constant problem: All three fluids are always related by timeindependent factors of order unity. The asymptotic solution is flat space, and Weinberg's theorem [3] is evaded since χ does not have an equilibrium solution. For the case Λ i < 0, both of the above exact solutions are attractors in the following sense: Any perturbation of the initial conditions causes the scale factor to oscillate about the above exact solutions, with a constant amplitude. Because the mean value of the scale factor is growing, the constant amplitude oscillations in a(t) represent decaying oscillations in log (a(t)), as visible in Fig. 1 . Note that as long as negative spatial curvature is dominant, Λ will approach zero but never become positive. However, matter can be produced at a later time via cosmological hysteresis [47] , and this can send Λ positive. Note that such a mechanism is also able to solve the flatness problem, although it might be more economical to use inflation [48] .
Inflationary suppression of today's dark energy. Because the field velocityΛ scales like a −3 , any mechanism which leads to large expansion will, according to Eqs. (12)-(13) , lead to a small final dark energy. Inflation does just this. Inflationary initial conditions are described by a temporary phase when the matter equation of state is roughly w ≈ −1. The constraint Eq. (9) implies the initial matter density is large enough to compensate the assumed large negative initial Λ, meaning 0 < ρ inf = (ρ mat + Λ) i . After the scale factor has increased by a factor of exp(N ), reheating occurs, whereby the matter equation of state evolves to w = 1/3. Provided the initial field velocity satisfies
where H inf = ρ inf /3, inflation ends with a negative cosmological constant which is of order Λ i . Since after N e-folds of inflation the field velocity redshifts tȯ
the value for today's dark energy is
Thus inflation provides an exponential hierarchy between today's dark energy and the scale of initial conditions. Furthermore, using the inequality (22), we obtain
Finally, if we assume no large initial hierarchy between ρ mat and Λ i , then Λ i ∼ −ρ inf and
Hence, a natural upper bound on the amount of inflation (or a lower bound on the scale of inflation) is obtained from today's dark energy, meaning observation of dark energy amounts to an observation of the initial conditions of inflation. This raises the possibility of observing other inflationary initial conditions that are suppressed by the amount of inflation [49] . Challenges. Bouncing cosmologies face several obstacles [50] . Observations rule out a bounce since last scattering, so the minimum acceptable amplitude of the last oscillation is over a thousand. Unfortunately despite the fact that inflationary initial conditions lead to an exponentially large initial bounce amplitude, the model coupled to a perfect fluid ρ mat predicts the amplitude of oscillation of log(a) to gradually attenuate, becoming only of order unity for the last bounce, as visible in Fig. 2 . This rules out the model. A possible fix is to include an additional positive energy field with equation of state w ∼ 1 which can mimic an extreme reduction in the magnitude of the pV fluid. One possibility is a fuzzy dark matter axion [51] , since it can experience cosmological hysteresis [47] from bounces in the late universe due to its very small mass. Since this increases its energy density, it also deepens the bounces, which encourages Λ to become positive at a time set by dark matter length scales.
The model as described (or improved with sufficiently deep bounces) must additionally be made compatible with big bang nucleosynthesis and evolution of density perturbations [52] , neither of which we attempt here. Note that we can avoid having to merging the bouncing scenario presented here with standard cosmology simply by following the example of Ref. [19] , where a NEC violating mechanism restarts inflation after the cosmological constant has been correctly set. The lesson from this model is that tuning dark energy from large negative to small positive values is apparently easier than tuning it from large positive to small positive values.
Although large amplitude recent bounces can be compatible with observational cosmology, another possibility is to seek a more conventional cosmology with an alternative two-scalar Lagrangian with the following properties:
1. A linear potential U (Λ) = Λ to absorb renormalization of the vacuum energy.
2. An equation of motion δS δχ = 0 which allows any constant Λ to be a solution.
3. Sequestering of ghost and gradient instabilities [40] .
The second property is achieved by having all χ-dependent terms in the Lagrangian be proportional to ∂ µ Λ, so they vanish when Λ is a constant. Brief moments of dark energy domination can be compatible with CMB constraints [53] , so the hope would be that the tuning of Λ would occur not from deep bounces, but from repeated sudden decreases in H 2 , which occurs whenever negative dark energy begins to dominate. Such behavior could arise from scalar-tensor kinetic terms like G µν ∂ µ Λ∂ ν χ. We have demonstrated that a very simple model can solve both the cosmological constant and coincidence problems. The challenge of finding a realistic cosmology within our framework remains. Two of the most promising scenarios, in our opinion, are to have extremely deep bounces, or to avoid bounces altogether via scalar-tensor couplings to Λ.
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